Abstract. The external Cayley transform is used for the conversion between the linear dynamical systems in scattering form and in impedance form. We use this transform to define a class of formal impedance conservative boundary control systems (colligations), without assuming a priori that the associated Cauchy problems are solvable. We give sufficient and necessary conditions when impedance conservative colligations are internally well-posed boundary nodes; i.e. when the associated Cauchy problems are solvable and governed by C 0 semigroups. We define a "strong" variant of such colligations, and we show that "strong" impedance conservative boundary colligation is a slight generalization of the "abstract boundary space" construction for a symmetric operator in the Russian literature. Many aspects of the theory is illustated by examples involving the transmission line and the wave equations.
Introduction
This paper deals with linear boundary control/observation systems described by differential equations of the form (1.1) u(t) = Gz(t), z(t) = Lz(t), y(t) = Kz(t), t ∈ R + = [0, ∞),
In a typical application L is a partial differential operator on a bounded domain Ω ⊂ R n , and G and K are composed of some boundary trace operators on ∂Ω. Let us explain the purpose of this paper with a concrete example. Suppose we wish to compute the total impedance of an electical transmission line, described by the coupled first order PDEs (1.2)
for (ξ, t) ∈ [0, 1] × R + , u(t) = I(0, t) for t ∈ R + and y(t) = U (0, t) for t ∈ R + , I(ξ, 0) = U (ξ, 0) = 0 for ξ ∈ [0, 1] and I(1, t) = 0 for t ∈ R + .
These equations are clearly of the form (1.1). The real-valued, continuously differentiable functions L(ξ) and C(ξ) are the distributed inductances and the capacitances of the line at point ξ, and it will be assumed that L(ξ) ≥ η and C(ξ) ≥ η for some η > 0. The functions I(ξ, t) and U (ξ, t) are the current and the voltage at point ξ at time t, respectively. It is thus clear that the transfer function of (1.2) represents the total impedanceẐ(s) of the line, provided we can make sense out of (1.2) as an infinite-dimensional state space system with input u(·) and output y(·).
The setting described above can be technically difficult to deal with. By choosing the signals in a different way we get a system with better mathematical properties. Instead of (1.2) we can study the scattering system described by (1.3) I(0, t) U (0, t) for t ∈ R + , and
I(0, t) U (0, t) for t ∈ R + , I(ξ, 0) = U (ξ, 0) = 0 for ξ ∈ [0, 1] and I(1, t) = 0 for t ∈ R + .
Also these equations are of the form (1.1). Since equations (1.3) do not include energy dissipative resistances, it is physically plausible (and we prove it in Section 6) that they define a scattering conservative, well-posed boundary control system with input u (1) (·) and output y (1) (·). Such systems are described in [Mal05, MS06a] ; see also [MSW06] .
In system theory, the translation from (1.2) to (1.3) is known as the external Cayley transform. Also the name diagonal transform has been used in the Russian literature; see [Liv73] . The external Cayley transform can be applied to a much larger class of linear infinite-dimensional systems than just the transmission line described above; see Definition 3.1 below.
Suppose that the triple Ξ . Even when Ξ (1) is known to be a scattering conservative boundary node, two difficulties may appear:
• There is no guarantee that the triple Ξ itself is a (forward time) boundary node in the sense of Definition 2.2. (If it is, then it is internally well-posed in the sense that it has a strongly continuous semigroup; see Proposition 4.1.) • Even if such a triple Ξ were an internally well-posed boundary node, it need not define a well-posed linear system. The main purpose of this paper is to treat the first of these problems in an abstract framework that includes boundary control systems. We discuss connections to the earlier results on the abstract boundary spaces as defined [GG91] and the references therein. Finally, in Section 6 we return to the example described above.
Scattering Passive Nodes
In this section we study the scattering case. We define the notion of a scattering passive or conservative boundary node, and then we give a necessary and sufficient conditions for a triple of operators G, L, and K to form a node of one of these types. We then move on to reformulate these conditions in terms of geometric conditions in a particular Kreȋn space. These conditions will be important for our treatment of the impedance case in the next section.
We begin by introducing some terminology and defining a boundary node in general.
consists of the three Hilbert spaces U, X , and Y, and the three linear maps G, L, and K, with the same domain Z ⊂ X and with values in U, X , and Y, respectively. By the domain Dom (Ξ) of Ξ we mean the common domain Z of G, L, and K. This colligation is closed if
is a boundary node if the following conditions are satisfied:
(i) Ξ is closed;
(ii) G is surjective and N (G) is dense in X ; (iii) The operator A := L| N (G) has a nonempty resolvent set. This boundary node is internally well-posed (in the forward time direction) if, in addition, (iv) A generates a C 0 semigroup.
We call U the input space, X the state space, Y the output space, Z the solution space, G the input boundary operator, L the interior operator, K the output boundary operator, and A the main operator (or the semigroup generator in the internally well-posed case).
If
is an internally well-posed boundary node, then (1.1) has a unique solution for sufficiently smooth input functions u and initial states z 0 compatible with u(0). More precisely, as shown in [MS06a, Lemma 2.6], for all z 0 ∈ X and u ∈ C 2 (R + ; U) with Gz 0 = u(0) the first, second and fourth of the equations (1.1) have a unique solution z ∈ C 1 (R + ; X ) ∩ C(R + ; Z), 1 and hence we can define y ∈ C(R + ; Y) by the third equation in (1.1). In the rest of this article, when we say "a smooth solution of (1.1) on R + " we mean a solution with the above properties. Definition 2.3. A boundary node Ξ on (U, X , Y) is scattering passive if it is internally well-posed and all smooth solutions of (1.1) on R + satisfy
It is scattering energy-preserving if the above inequality holds in the form of an equality.
Following [MS06a] , we define scattering conservativity by means of time-flow inversion.
is a boundary node. The node Ξ is scattering conservative if it is time-flow invertible and both Ξ itself and the time-flow inverse Ξ ← are energy preserving.
1 Here we use the graph norm of
The following theorem gives necessary and sufficient conditions for a colligation Ξ to be a scattering passive boundary node.
is a scattering passive boundary node if and only if it satisfies the following two conditions:
The colligation Ξ is a scattering energy preserving boundary node if and only if it is scattering passive and (2.2) holds in the form of an equality, i.e,
Finally, Ξ is a scattering conservative boundary node if and only if it is an energy preserving boundary node and, in addition,
If Ξ is scattering passive, then the semigroup generated by L| N (G) is a contraction semigroup and condition (i) holds for all α ∈ C + . If Ξ is scattering conservative, then the semigroup generated by −L| N (K) is a contraction semigroup and condition (iii) holds for all γ ∈ C − .
Clearly, condition (i) in Theorem 2.5 holds if and only if both G and α − A are surjective, where A := L| N (G) .
Proof. Suppose first that Ξ is a scattering passive boundary node. Then condition (ii) in Definition 2.2 says that G is surjective, and condition (iv) in Definition 2.2 implies that (α − A) is surjective for all α with Re α large enough. Thus, condition (i) in Theorem 2.5 holds. To verify condition (ii) in Theorem 2.5 we take any z 0 ∈ Dom (Ξ) and let (u, z, y) be the smooth solution of (1.1) with initial state z(0) = z 0 and constant input function u(t) = Gz 0 for t ≥ 0 (see [MS06a, Lemma 2.6]). Then (1.1) and (2.1) with t = 0 imply (2.2) with z replaced by z 0 (since d dt z(t) 2 X = 2Re z(t),ż(t) X ). Thus, (2.2) holds for all z ∈ Dom (Ξ). Conversely, suppose that the assumption of Theorem 2.5 holds. We claim that A is maximal dissipative, and hence it generates a C 0 contraction semigroup (in particular, N (G) is dense in X ). Without loss of generality, we may assume that α in condition (i) is real and positive (otherwise we replace α by Re α and A by A − iIm α). It then follows from [Paz83, Theorems 1.4.3 and 1.4.6] that A is maximal dissipative, and that it generates a constraction semigroup. This implies that C + ∈ ρ(A) (see, e.g., [Sta05, 3.2.9]), and hence (i) holds for all α ∈ C + . That Ξ is closed will be shown as a part of the proof of Lemma 2.6. Taking this for granted, we find that the assumption of Theorem 2.5 imples that Ξ is an internally well-posed boundary node. That also (2.1) holds follows from (1.1) and (2.2), and we conclude that Ξ is a scattering passive boundary node.
The proofs for the energy-preserving case and conservative case are analogous, and they are left to the reader.
In the next two lemmas, we characterize a scattering passive, energy preserving, or conservative boundary node Ξ in terms of the Kreȋn space structure of the graph of Ξ. For that reason, let us first recall some definitions and facts about Kreȋn spaces.
Let H be a Hilbert space with the inner product ·, · , and let J = J * = J 
We shall use several times the following easily verified facts: Such U maps (maximal) nonpositive subspaces onto (maximal) nonpositive subspaces, (maximal) nonnegative subspaces onto (maximal) nonnegative subspaces, neutral subspaces onto neutral subspaces, and Lagrangian subspaces onto Lagrangian subspaces.
By
we mean the set
Clearly, this graph is closed in 
is maximal nonpositive in K i sc . Because of condition (ii) in Theorem 2.5, the operator We have now shown that G (Ξ) is maximal nonnegative if and only if the assumption of Theorem 2.5 holds. Since every maximal nonnegative subspace is closed (see [Bog74, Theorem 4.1, p. 105]), this means that the assumption of Theorem 2.5 implies that Ξ is closed, and we have thereby completed the proof of Theorem 2.5. The conclusion of the present lemma follows immediately. The proof of this proposition is analogous to the proof of Lemma 2.6, and we leave it to the reader.
Impedance Passive Nodes with U = Y
As we mentioned in the introduction, we shall study impedance type systems by transforming them into scattering type systems by means of the external Cayley transform. We assume first that the output space Y is equal to the input space U. 
The interpretation of this transform is the following: the old input u and the old output y in (1.1) are replaced by the new input u 
be a colligation, and let
be the external Cayley transform of Ξ with parameter β.
is a scattering passive boundary node for some β ∈ C + . (ii) Ξ is impedance energy preserving if Ξ (β) is a scattering energy preserving boundary node for some
is a scattering conservative boundary node for some β ∈ C + .
We remark that the operators G and K of an impedance passive colligation Ξ =
. This holds because the graph norms of
are equivalent on Z for all β ∈ C + . As will be shown in Theorem 3.3 below, Definition 3.2 is independent of the parameter β in the sense that if the conditions (i)-(iii) are true for some β ∈ C + , then they are true for all β ∈ C + . For the transmission line system of Section 1, the parameter β is the resistance used for the measurement of the voltage y(t) = U (0, t) and current u(t) = I(0, t), see Figure 1 . The energy dissipated in this resistor is re-created in the internal current source, to be dissipated again in the external load R L = β. Thus, the net energy storage/dissipation inside the externally Cayley transformed system is due to the impedanceẐ(s) of the transmission line alone, and it is given by
for any T ∈ R and β > 0. We next characterize impedance passivity or conservativity by means of a geometric condition in a particular Kreȋn space. (ii) Ξ is impedance energy preserving if and only if its graph G (Ξ) is a neutral and maximal nonpositive subspace of the Kreȋn space K imp defined in (i). (iii) Ξ is impedance conservative if and only if its graph G (Ξ) is a Lagrangian subspace of the Kreȋn space K defined in (i).
In particular, the three words "some" in Definition 3.2 can be replaced by the word "all", without changing the meaning of the notions defined there.
Proof. For each β ∈ C + , the bijection U
Here K sc is defined in part (iii) of Lemma 2.6. Thus the (maximal) nonpositivity, the (maximal) nonnegativity and neutrality of subspaces is preserved under this mapping. Since
, the claims (i)-(iii) follow from Lemmas 2.6 and 2.7.
Because none of the Kreȋn space conditions in claims (i)-(iii) of this lemma depends on the parameter β, we conclude that if any of these condition holds for one β ∈ C + , then the same condition holds for all β ∈ C + .
(i) Ξ is impedance passive if and only if the following two conditions hold:
is surjective for some α, β ∈ C + ;
(b) For all z ∈ Dom (Ξ) we have
(ii) Ξ is impedance energy preserving if and only if it is impedance passive and (3.2) holds in the form of an equality, i.e, for all z ∈ Dom (Ξ) we have
(iii) Ξ is impedance conservative if and only if it is impedance energy preserving and, in addition,
γ−L βG−K is surjective for some β ∈ C + and γ ∈ C − .
For an impedance passive Ξ, condition (a) holds for all α, β ∈ C + . For an impedance conservative Ξ, also condition (c) holds for all β ∈ C + and γ ∈ C − .
Proof. All this follows from Lemmas 2.6 and 2.7, together with Theorem 3.3.
Remark 3.5. The cases Re α = 0 and Re γ = 0 are excluded in Theorem 3.4 because the given conditions are no longer necessary for impedance passivity or conservativity in this case. However, conditions (a) and (c) are still sufficient for impedance passivity or conservativity even when Re α = 0 or Re γ = 0. The proof of this fact is similar to that of Theorem 4.3.
Impedance passive nodes also occur naturally in a different setting where the input and output spaces are different. In this case we need to reinterpret the righthand sides of (3. We leave it for an interested reader to formulate the modified versions of Theorems 3.3 and 3.4 for the case U = Y.
Internal well-posedness
One of the most important problems for impedance passive colligations Ξ is to verify that the associated Cauchy problems (1.1) have unique smooth solutions. This amounts to showing that Ξ is an internally well-posed boundary node. In this proof, and in all other proofs in this section, we take for simplicity Y = U. To get the general case Y = U, it suffices to replace K throughout by Ψ * K where Ψ is the unitary operator in (3.6).
Proof of Proposition 4.1. The "only if" part is trivial. For the "if" part, note that L| N (G) generates a C 0 contraction semigroup by the argument given in the proof of Theorem 2.5, with (2.2) replaced by (3.4). The colligation Ξ is closed, since G (Ξ) is closed as a maximal nonnegative subspace of the Kreȋn space K imp , see Theorem 3.3. Thus Ξ is an internally well-posed boundary node.
The following proposition takes a closer look at the impedance conservative case. In many PDE applications (including both the examples of Section 6) the operator A = L| N (G) has a compact resolvent. Then the intersection σ(A) ∩ iR is at most countable, and the two spectral assumptions in (i) are satisfied.
Proof of Proposition 4.2. It is easy to check that G (Ξ ′ ) is Lagrangean if and only if G (Ξ) is Lagrangean. Thus the colligation Ξ
′ is impedance conservative by Theorem 3.3.
The implication (i) ⇒ (iv) follows from Proposition 4.1. By the same theorem, if (iv) holds, then both A and −A generate contraction semigroups, and hence the semigroups generated by these operators are unitary, so that (iii) holds. It is easy to see that (iii) ⇒ (ii) ⇒ (i).
The following theorem can be used to check both the impedance passivity (or conservativy) and the internal well-posedness at the same time: Proof. It is easy to see that Ξ is closed (cf. Lemma 4.5).
According to part (i) of Theorem 3.4, in order to prove that Ξ is impedance passive under the assumption of (i), it suffices to show that The same proof shows that (ii) holds, too (replace part (i) of Theorem 3.4 by part (ii), and replace Proposition 4.1 by Proposition 4.2).
Many PDE examples satisfy even stronger conditions than those of Theorem 4.3:
is strong if it is closed and its interior operator L is closed with Dom (L) = Dom (Ξ).
We remark that an impedance or scattering conservative internally well-posed boundary node need not be strong, see Section 6.2. . The former is clearly weaker than the latter, and hence by the closed graph theorem, they are equivalent. This implies that G and K are continuous with respect to the graph norm of L. The easy proof of the converse claim that the continuity of G and K with respect to the graph norm of L implies that Ξ is closed is left to the reader. is surjective for all ǫ > 0. Let x ∈ X be arbitrary, and let z ǫ ∈ Dom (Ξ) = Dom (L) be any solution of the equation
Then it follows from (3.2) that α z ǫ X ≤ x X . Clearly
It follows that there exists exactly one solution z ǫ of (4.1) for any given x. Furthermore, z ǫ is bounded in the graph norm of L, uniformly in ǫ > 0. Let Z be the Hilbert space Dom (L) equipped with the graph norm of L. The unit ball in Z is weakly sequentially compact, and therefore there exists a sequence ǫ n → 0 such that z ǫn → z weakly in Z as n → ∞. Both G and K are continuous from Z to U, hence weakly continuous. Thus, Gz ǫn → Gz and Kz ǫn → Kz weakly in U. Substituting this into (4.1) we find that z ∈ N (G) and (α− L)z = (α− A)z = x, proving the surjectivity of α − A. This follows directly from Proposition 4.2 and Theorem 4.7.
Abstract boundary spaces for symmetric operators
It is a classical problem in operator theory to parameterize self-adjoint extensions of a given closed, densely defined symmetric operator A on Hilbert space X . The results are often formulated in terms of abstract boundary spaces for A. It turns out that this notion is a special case of our notion of impedance conservative strong bondary node.
We shall study extensions of the operator
where L is taken from an impedance passive colligation Ξ =
. Such an operator L 0 is called the minimal operator of Ξ. If Ξ is impedance passive, it follows from (3.2) that L 0 is symmetric, and therefore at least closable. If Ξ is strong, then L 0 is closed. The following definition is taken from [GG91] .
Definition 5.1. Let A be a closed, densely defined symmetric operator on X . The triple (U, Γ 1 , Γ 2 ) is an abstract boundary space for A if U is a Hilbert space and Γ 1 , Γ 2 are linear mappings from Dom (A * ) into U with the following properties:
(i) for any x, z ∈ Dom (A * ) we have
(ii) the mapping
is an impedance conservative strong colligation and [ G K ] is surjective, then the operator A := iL 0 (where L 0 is defined by (5.1)) is closed, densely defined and symmetric, and the triple (U, G, iK) is an abstract boundary space for A.
Conversely, if A is a closed, densely defined symmetric operator on X such that the triple (U, Γ 1 , Γ 2 ) is an abstract boundary space for A, then Ξ =
is an impedance conservative internally well-posed strong boundary node with a unitary semigroup. This node has all the properties listed in Corollary 4.8.
Proof. We first prove the direct part, and begin by noticing that if Ξ =
is an impedance conservative strong colligation and [ G K ] is surjective, then all the conclusions listed in Corollary 4.8 hold.
By polarizing (3.3) we get
If z ∈ Dom (L 0 ), then the right-hand side reduces to − x, L 0 z X , and we conclude
By Corollary 4.8, we have A * = −A and thus Dom (A * ) = N (G). It follows that
The same argument with Ξ replaced by the
Thus L 0 is closed and densely defined. Define A := iL 0 . Then A is closed, densely defined, and symmetic, and it follows from (5.2) that (U, G, iK) is an abstract boundary space for A.
For the converse part we assume that A is a closed, densely defined symmetric operator on X such that the triple (U, Γ 1 , Γ 2 ) is an abstract boundary space for A. are surjective for all α ∈ C + . As part (i) of Definition 5.1 implies (3.3) with G = Γ 1 , L = iA * and K = −iΓ 2 , we conclude from Theorem 3.4 that the colligation Ξ is impedance conservative with Dom (Ξ) = Dom (A * ). Since L is closed, it is a strong colligation. The remaining claims follow from Corollary 4.8.
6. Two Examples 6.1. The transmission line. We now complete the study of the (impedance) transmission line equations (1.2) using the results of this paper. We define the operators G, L and K as follows:
and K := 0 γ 0 | Z where γ 0 f = f (0) is the Dirichlet trace for f ∈ H 1 (0, 1), and let
and
We use the energy norm [
is a strong colligation with Dom (Ξ) = Z. If
U(·,t) ∈ X denotes the joint current/voltage distribution at time t ≥ 0, then equations (1.2) take the form of (1.1).
Proposition 6.1. The strong colligation Ξ defined above is an impedance conservative boundary node which has all the additional properties listed in Corollary 4.8. The operator L 0 given by (5.1) is closed and densely defined, and (C, G, iK) is an abstract boundary space for the operator A := iL 0 .
Proof. It follows by partial integration that the Green-Lagrange identity (3.3) holds for all z ∈ Z when the inner product associated to the energy norm is used for X . It is trivial that G + K = γ 0 γ 0 maps Z onto input space C.
We show next that L maps N (G + K) onto X . For any [
It is possible choose the integration constants z 1 (0) and z 2 (0) so that z 1 (1) = 0 and z 1 (0) + z 2 (0) = 0. Then [ z1 z2 ] ∈ N (G + K) and we conclude that L maps N (G + K) onto X . It is easy to see that N (L) ∩ N (G + K) = {0}. It follows that 0 ∈ ρ(L| N (G+K) ) and hence there exists an α > 0 such that condition (a) of Theorem 3.4 holds with β = 1. The remaining condition (c) of Theorem 3.4 is verified analogously, and we conclude that Ξ is an impedance conservative strong colligation.
Since the operator [ G K ] is trivially surjective, the rest of the claims follow from Corollary 4.8 and Theorems 4.7 and 5.2.
In particular, we conclude that (1.2) has a smooth solution as explained after Definition 2.1 (when it is interpreted as equations in (1.1) by using (6.1) and (6.2)).
6.2. The wave equation. A more advanced example is provided by the wave equation with Neumann boundary control. We consider the linear system described by
z tt (t, ξ) = ∆z(t, ξ) for ξ ∈ Ω and t ≥ 0, u(t, ξ) = ∂z ∂ν (t, ξ) for ξ ∈ Γ 1 and t ≥ 0, y(t, ξ) = z t (t, ξ) for ξ ∈ Γ 1 and t ≥ 0, z(t, ξ) = 0 for ξ ∈ Γ 0 and t ≥ 0, and
Here n ≥ 2 and Ω ⊂ R n is a bounded domain (open connected set) with C 2 -boundary ∂Ω. We assume that ∂Ω = Γ 0 ∪ Γ 1 with Γ 0 ∩ Γ 1 = ∅ where both Γ 0 and Γ 1 are nonempty. Thus Ω cannot be simply connected.
To rewrite this system as a boundary node we introduce the standard Sobolev spaces H s (Ω), s = 1, 3/2, 2, and the boundary spaces H s (Γ), s = ±1/2, which can be defined in several different ways (see [MS06a] for a short dicussion on this and note that H 0 = L 2 ). The Dirichlet trace operator γ is first defined for functions f ∈ C ∞ (Ω) by setting γf := f | ∂Ω . This operator has a unique extension to an operator (still denoted by γ) which maps H 1 (Ω) continuously onto H 1/2 (∂Ω). Let 
The operator γ ∂ ∂ν has a unique extension to an operator which maps E(∆; L 2 (Ω)) continuously into H −1/2 (∂Ω); the proof given in [LM72, Theorem 6.5 on p. 175] assumes C ∞ boundary for Ω but the same argument is valid for C 2 boundaries, too. We shall make use of the following closed subspace (6.6)
, and it is equipped with the same norm as E(∆; L 2 (Ω)). Since the Neumann problem
has always a variational solution in H 1 (Ω) for all u ∈ H −1/2 (Γ 1 ), we see that γ ∂ ∂ν maps Z 0 onto H −1/2 (Γ 1 ). We abbreviate the Neumann trace operator on Z 0 as γ ∂ ∂ν f = ∂f ∂ν | Γ1 . See [MS06a] for further details and references on Sobolev spaces and trace mappings.
After these preparations, let us return to equations (6.3). We obtain first order equations of form (1.1) by noting that z tt = ∆z is equivalent to the first order equation (Ω) and
where
(Ω) and Z 0 are given by (6.4) and (6.6), respectively. For the space X , we use the energy norm
Proposition 6.2. The colligation Ξ defined above is an impedance conservative strong boundary node with respect to the standard duality pairing between
. This node has all the additional properties listed in Corollary 4.8.
Moreover, the operator L 0 given by (5.1) is closed and densely defined, and (U, G, iΨ * K) is an abstract boundary space for the operator A := iL 0 , where Ψ is the duality map between U and Y.
In particular, the equation (6.3) has a smooth solution (as explained after Definition 2.1) when it is interpreted as equations (1.1) by using the above definitions.
Proof. It is easy to see that T := [ 0 1
∆ 0 ] is a closed operator in X with domain
For an arbitrary [ z0 w0 ] ∈ Z, the Green's formula [Gri85, p. 62] implies the GreenLagrange identity (3.5) since
where we have used w 0 | Γ0 = 0. 
But this problem has a unique variational solution The wave equation problem (6.3) can be interpreted as an impedance conservative internally well-posed boundary node also in another setting, where the input space is equal to the output space, namely U = Y = L 2 (Γ 1 ). We get this node simply by restricting the domain of the node Ξ in Proposition 6.2 to the subspace (6.10)
We remark that this space was denoted by Z in [MS06a, Section 5]. Define Z ′ by (6.10), and let
Then the colligation Ξ ′ := Let us explain why the colligation Ξ ′ in Proposition 6.3 does not fit into the framework of strong colligations. By Lemma 6.5 below, the space Dom (Ξ ′ ) is a proper dense subspace Dom (Ξ). Thus, Dom (L ′ ) = Dom (Ξ ′ ) is not closed in Dom (L) = Dom (Ξ) (with respect to the graph norm), and hence L ′ is not closed (see Lemma 6.6). We conclude that the colligation Ξ ′ is not strong.
Lemma 6.5. Define Ξ and Ξ ′ as in Propositions 6.2 and 6.3. Then Z ′ := Dom (Ξ ′ ) is a proper dense subspace of Z := Dom (Ξ).
Proof. As we saw in the proof of Proposition 6.2 (in the place where we proved that 
is a proper dense subspace of
, we conclude that Z ′ is a proper dense subspace of Z.
Lemma 6.6. Let T be a closed operator X → Y, and let Z be a subspace of Dom (T ). Then T | Z is closed if and only if Z is a closed subspace of Dom (T ) (with respect to the graph norm of T ).
Proof. Let the sequence z j ∈ Z satisfy z j → z in Dom (T ), i.e., z j → z in X and T z j = T | Z z j → y in Y. On one hand, this implies that z ∈ Z if and only if T | Z is closed, and on the other hand, this implies that z ∈ Z if and only Z is a closed subspace of Dom (L). Thus, T | Z is closed if and only if Z is closed in Dom (T ).
